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We propose a coupled-layer construction of a class of fracton topological orders in three spatial
dimensions, which is characterized by spatially anisotropic mobility of quasiparticle excitations
constrained in subdimensional manifolds. The simplest model is obtained by stacking and coupling
layers of the two-dimensional toric codes on the square lattice and can be exactly solved in the
strong-coupling limit. The resulting fracton excitations are understood as a consequence of anyon
pair condensation induced by the coupling between layers. We also present generalizations of the
construction for layers of the Kitaev-honeycomb models, the ZN toric codes, and the toric codes
and the doubled semion models on the honeycomb lattice.
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I. INTRODUCTION
A peculiar phenomenon in strongly interacting many-
body quantum systems is the emergence of fractionalized
quasiparticles as low-energy collective excitations. In two
dimensions, topologically ordered states, such as the frac-
tional quantum Hall states, support point-like quasiparti-
cles with nontrivial braiding statistics of neither fermion
nor boson [1]. In three dimensions, fractionalized quasi-
particles appear in the shape of point or loop and can
have nontrivial statistics among them [2–6]. These topo-
logically ordered phases are characterized by quasiparti-
cles deconfined in the full two-dimensional (2d) or three-
dimensional (3d) space, and their presence results in a
finite ground-state degeneracy on a torus or other non-
trivial closed manifolds, which is robust against any local
perturbations.
Recently, a new class of topological phases of matter
in three dimensions, dubbed fracton topological order [7],
has been discovered and offers a rapidly growing field of
theoretical research [7–64]; see also a review [65]. Quasi-
particle excitations emerging from such fracton topologi-
cal phases are completely immobile or mobile only within
lower-dimensional subspaces of the full 3d space; the for-
mer are called fractons, while the latter are called lineons
or planons depending on their mobility. The restricted
mobility of quasiparticles in gapped fracton phases causes
a ground-state degeneracy that is sensitive to the geom-
etry of the system and often exponentially grows with
increasing the system size, but the degeneracy is still
topologically stable in the sense that it cannot be split
by local perturbations.
Since both geometry and topology essentially come
into play, the fracton topological phases fall outside of
the effective description in terms of topological quan-
tum field theory commonly used for conventional topo-
logically ordered phases. The fracton phases rather re-
quire some lattice description and in fact many key prop-
erties of gapped fracton phases have been established
upon the construction of exactly solvable lattice mod-
els, which often consist of local commuting projectors.
There have been several proposed schemes to obtain such
lattice models, including the construction from coupled
layers of 2d topological phases [15, 21, 24, 25, 56, 60],
spin chains [14], Majorana fermions [23, 45, 46], string-
membrane-net condensation [61], and gauging of asso-
ciated symmetry-protected topological phases [7, 13, 43,
44, 59]. Especially to realize fracton topological phases in
experiment, the construction from constituents naturally
appearing in materials will be much desired.
In this paper, we propose a new coupled-layer con-
struction of fracton topological phases, which differs from
those developed previously [15, 24, 56, 60]; instead of
stacking layers of 2d topological orders in all three or-
thogonal directions of the 3d space, our construction re-
quires a stack of 2d topological orders only in one direc-
tion. With appropriate couplings to implement anyon
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2condensation between layers, the corresponding models
undergo phase transitions from decoupled 2d topological
phases to fracton topological phases. The resulting frac-
ton phases have quasiparticles with spatially anisotropic
mobility, in contrast to the “isotropic” layer construc-
tions [15, 24, 56, 60] which yield the X-cube model [7]
or their relatives with the same mobility of quasiparti-
cles in all three directions, and turn out to be described
by exactly solvable models proposed by Shirley, Slagle,
and Chen in Ref. [40]. As the models obtained by our
construction take simpler forms than the previous mod-
els, they may help us to seek experimental realizations
of fracton topological orders, e.g., in 2d spin-liquid can-
didate materials with “bad” two-dimensionality.
The rest of paper is organized as follows: In Sec. II,
we review anyon condensations and their model realiza-
tions in the 2d toric code [66]. In Sec. III, we present
the simplest model consisting of stacked layers of the
2d toric codes on the square lattice, whose quasiparti-
cle excitations in a fracton phase are analyzed in the
strong-coupling limit or understood from the perspective
of anyon condensation. In Sec. IV, we propose gener-
alizations of the construction for stacked layers of other
2d lattice models. We conclude our paper with several
discussions in Sec. V.
II. ANYON CONDENSATION IN THE TORIC
CODE
Prior to addressing the construction of anisotropic
fracton models from coupled layers of 2d topological or-
ders, we first consider anyon condensation transitions in
a single layer or a bilayer of the 2d toric code. This will
be helpful on later interpreting the anisotropic mobility
of quasiparticles in fracton phases as a result of anyon
condensation and will also give us insights on how to
construct the corresponding lattice Hamiltonians.
A. 2d toric code
Let us first review properties of the 2d toric code on
the square lattice [66]. We consider the system of qubits
put on each link of the square lattice. The Hamiltonian
is given by
HTC = −Jp
∑
p
Ap − Jv
∑
v
Bv, (1)
where the operators Ap and Bv are defined on each pla-
quette (p) or vertex (v) on the square lattice by
Ap =
∏
l∈p
Xl, (2)
Bv =
∏
l∈v
Zl. (3)
FIG. 1. (a) Hamiltonian for the 2d toric code on the square
lattice. The black dot represents a qubit on a link. The
operator Ap is the product of Pauli X operators acting on four
links of the plaquette p, while Bv is the product of Z’s acting
on four links of the vertex v. (b) Deconfined quasiparticle
excitations from the ground state of the toric code. The e
excitations are created on vertices by a string of X’s, while
the m excitations are created on plaquettes by a string of Z’s.
Here, we have defined Xl and Zl as the Pauli opera-
tors acting on a qubit on the link l, and the products
are taken over four links forming a plaquette p or ver-
tex v. The Hamiltonian is pictorially given in Fig. 1 (a).
Since the operators Ap and Bv satisfy A
2
p = B
2
v = 1 and
[Ap, Ap′ ] = [Bv, Bv′ ] = [Ap, Bv] = 0, the ground state
is obtained as a simultaneous eigenstate of Ap and Bv
whose eigenvalues are all +1. However, not all operators
can span the Hilbert space when the system is placed on a
torus, due to the constraints
∏
pAp = 1 and
∏
v Bp = 1,
which result in the 22-fold degeneracy of the ground state.
This ground-state degeneracy is topological in the sense
that it cannot be lifted by any local perturbations; as the
ground-state manifold is spanned by nonlocal string op-
erators of Xl or Zl winding noncontractible cycles of the
torus, splitting of the degeneracy by local perturbations
is exponentially suppressed with increasing the system
size.
There are two types of excitations from the ground
state. As depicted in Fig. 1 (b), acting an open string of
Xl creates a pair of excitations at the ends of the string,
where the eigenvalues of Bv are flipped to be −1. Sim-
ilarly, an open string of Zl creates a pair of excitations
at the ends of the string, where the eigenvalues of Ap are
flipped. These excitations are deconfined since the exci-
tation energy remains constant regardless of the length
of the string. We may call the excitations created by Xl
electric charges e, as they live on the vertices, while those
created by Zl magnetic charges m, as they live on the pla-
quettes. Writing their bound object as ψ ≡ em and the
vacuum as 1, the toric code has the four quasiparticles:
TC : {1, e,m, ψ} (4)
The same species of quasiparticles fuse to the vacuum,
e× e = m×m = ψ × ψ = 1. While e and m are bosons
on their own, they have the nontrivial mutual statistics
of pi since two string operators of Xl and Zl intersect once
and pick up a phase −1 when e (m) goes around m (e).
3As a result, their bound object ψ behaves as a fermion.
They then have the fusion rules e ×m = ψ, m × ψ = e,
and e × ψ = m. This is known as the Z2 topological
order.
B. Condensation in a single layer
We here review phase transitions induced by anyon
condensation in a single layer of the toric code. The con-
cept of anyon condensation was introduced by Bais and
Slingerland [67] in order to discuss phase transitions be-
tween 2d topological orders driven by the condensation of
bosonic quasiparticles, and several systematic approaches
to identifying the topological orders in condensed phases
have been developed [68–70]; see also a recent review
[71]. In the case of the toric code, there are two types
of bosonic quasiparticle, e and m, either of which can be
condensed. In the e condensate, remaining quasiparti-
cles m and ψ both have the nontrivial mutual statistics
of pi with respect to e and thus are confined; the resulting
state has a trivial topological order. Similarly, the con-
densation of m also leads to a trivial topological order.
Let us consider microscopic models exemplifying these
anyon condensation transitions. As reviewed in Sec. II A,
e excitations are created by acting the Pauli operatorXl’s
on the ground state of the toric-code Hamiltonian (1),
while m excitations are created by acting Zl’s. Hence,
the condensation of e or m will be simply induced by
applying magnetic fields to the toric code:
He = HTC − hX
∑
l
Xl, (5)
Hm = HTC − hZ
∑
l
Zl. (6)
We expect that the magnetic field hX induces an
e-condensation transition while hZ induces an m-
condensation transition. Obviously, the ground state be-
comes a fully polarized state with a trivial topological
order in the limit of large hX or hZ , and thus there will
be a phase transition between the Z2 and trivial topo-
logical orders for some hX or hZ . In fact, these models
have been studied previously [72–76]; the corresponding
phase transitions are conjectured to be in the (2+1)-d
Ising∗ universality class—the Wilson-Fisher fixed point
of a real scalar field theory coupled with a Z2 gauge field
[77].
C. Condensation between two layers
We then focus on two layers of the 2d toric codes.
When the two layers are decoupled, the ground state has
a topological order with 16 quasiparticles given by
TC1 ⊗ TC2 : {1, e,m, ψ}1 ⊗ {1, e,m, ψ}2, (7)
FIG. 2. Coupling between two toric codes and effective Hamil-
tonian in the strong-coupling limit for (a) the e1e2 condensa-
tion and (b) the m1m2 condensation.
where the subscripts 1 and 2 refer to the two layers and
the quasiparticles are simply given by tensor products of
those from each layer. We then consider phase transitions
induced by the condensation of bound pairs of quasipar-
ticles between the two layers. For examples, e1e2 is a
boson and thus can be condensed. In the condensate, all
quasiparticles obeying nontrivial mutual statistics with
e1e2 are confined. We are thus left with a topological
order characterized by the following quasiparticles:
T˜C : {1112, e112,m1m2, ψ1m2} ≡ {1˜, e˜, m˜, ψ˜}. (8)
Here, quasiparticles that are transformed to each other
by the fusion with e1e2 are identified. The resulting topo-
logical order has four quasiparticles, and their statistics
exactly matches with that for a single layer of the toric
code; we thus call it as T˜C and label the quasiparticles
by symbols with tilde.
We want to implement this phenomenology of the
topological phase transition from TC1 ⊗TC2 to T˜C in a
microscopic model. Taking a bilayer of the toric code, a
bound pair of e’s from each layer may be created by the
action of Xl,1Xl,2 where the Pauli operator Xl,n acts on
a qubit on the link l of the layer n. We thus consider the
Hamiltonian,
Hee = HTC,1 +HTC,2 − hXX
∑
l
Xl,1Xl,2, (9)
where
HTC,n = −Jp
∑
p
∏
l∈p
Xl,n − Jv
∑
v
∏
l∈v
Zl,n. (10)
Again, the labels p and v refer to the plaquettes and
vertices of the square lattice, respectively, as shown in
Fig. 1 (a). The structure of the coupling between layers
is schematically given in Fig. 2 (a). In order to see that
this Hamiltonian exhibits the expected phase transition,
we now consider the strong-coupling limit hXX →∞. In
this limit, the two qubits on the same link l are in either of
4two states, |+〉l,1 |+〉l,2 or |−〉l,1 |−〉l,2, in the basis diag-
onalizing Xl,n, i.e. Xl,n |±〉l,n = ± |±〉l,n. Let us denote
by
∣∣±˜〉
l
≡ |±〉l,1 |±〉l,2 two basis states of an effective
qubit on the link l. We then perform degenerate per-
turbation theory in the Hilbert space of effective qubits
by treating HTC,n as perturbations. In doing so, we de-
fine the Pauli operators X˜l and Z˜l acting on the effective
qubits and choose Z˜l to be diagonal, i.e. Z˜l
∣∣±˜〉
l
= ± ∣∣±˜〉
l
and X˜l
∣∣±˜〉
l
=
∣∣∓˜〉
l
. Projecting the original Pauli oper-
ators into the subspace spanned by effective qubits, we
find Xl,1 = Xl,2 = Z˜l and Zl,1Zl,2 = X˜l. Up to the
second order in perturbation, we arrive at the effective
Hamiltonian,
Heeeff = −2Jp
∑
p
∏
l∈p
Z˜l − J
2
v
8hXX
∑
v
∏
l∈v
X˜l. (11)
This Hamiltonian is equivalent to that for the 2d toric
code up to a unitary transformation. Since the ground
state is expected to have the Z2 topological order for
a large enough hXX , we conclude that the Hamiltonian
(9) describes a phase transition from TC1 ⊗ TC2 to T˜C
induced by the e1e2 condensation.
For the m1m2 condensation in TC1 ⊗ TC2, the quasi-
particle content in the condensate is given by
T˜C : {1112, e1e2,m112, ψ1e2} ≡ {1˜, e˜, m˜, ψ˜}, (12)
and is the same as that for a single layer of the toric code.
As the Pauli operator Zl,n creates m excitations on each
layer, the corresponding Hamiltonian may be given by
Hmm = HTC,1 +HTC,2 − hZZ
∑
l
Zl,1Zl,2 (13)
as shown in Fig. 2 (b). In the strong-coupling limit
hZZ →∞, we can introduce the basis states for effective
qubits as
∣∣±˜〉
l
≡ |±〉l,1 |±〉l,2 where we have chosen the
original basis to be Zl,n |±〉l,n = ± |±〉l,n. By perform-
ing degenerate perturbation theory, we find the effective
Hamiltonian
Hmmeff = −
J2p
8hZZ
∑
p
∏
l∈p
X˜l − 2Jv
∑
v
∏
l∈v
Z˜l, (14)
where we have defined the Pauli operators acting on the
effective qubits in such a way that Z˜l
∣∣±˜〉
l
= ± ∣∣±˜〉
l
and
X˜l
∣∣±˜〉
l
=
∣∣∓˜〉
l
. This is again a single layer of the 2d
toric code, although this result is not surprising from the
e-m duality in the 2d toric code. Thus, the Hamiltonian
(13) will describe a topological phase transition induced
by the m1m2 condensation.
Before proceeding, we make a remark about the na-
ture of the transitions. While it is not so obvious, the
transition from TC1 ⊗ TC2 to T˜C induced by the e1e2
or m1m2 condensation is expected to be in the Ising
∗
universality class as in the single-layer case. This is be-
cause the transition in the bilayer can be viewed as a
single-layer transition from the Z2 to trivial topological
order from its quasiparticle content; we can rewrite the
quasiparticle content of TC1 ⊗ TC2 as
{1112, e1e2,11m2, e1ψ2} × {1112, e112,m1m2, ψ1m2},
(15)
where the multiplication should be operated in the sense
of fusion. Since the two sets of quasiparticles both repre-
sent the Z2 topological order while the statistics of quasi-
particles are mutually trivial between the two sets, we
can regard them as two decoupled layers of the Z2 topo-
logical orders. The e1e2 or m1m2 condensation is simply
viewed as the single e˜ or m˜ condensation in one layer
with leaving another layer intact. Therefore, the asso-
ciate transition is naturally expected to be of the Ising∗
type.
III. FRACTONS FROM COUPLED TORIC
CODES
We present a model that may have an anyon conden-
sation transition from decoupled layers of the 2d toric
codes to a nontrivial fracton topological order. In the
limit of strong coupling between layers, we can write
down an effective Hamiltonian that is exactly solvable.
In fact, the resulting model has been proposed in Ref. [40]
and possesses fractionalized quasiparticles with spatially
anisotropic mobility, which is yet different from that of
the stacked toric codes. We argue that the anisotropic
mobility of quasiparticles can be naturally explained in
terms of anyon condensation induced by coupling be-
tween the toric codes.
A. Model
We consider layers of the 2d toric code lying in the xy
plane and stacked along the z axis, which are given by
the Hamiltonian,
H1 =
∑
n
HTC,n (16)
where HTC,n is the Hamiltonian for the toric code on the
n-th layer and is defined in Eq. (10). We then consider
coupling between layers that takes a staggered structure
as follows: Two qubits from the 2m-th and (2m + 1)-th
layers are coupled via Xl,2mXl,2m+1 on the link l aligned
with the x axis, whereas two qubits from the (2m−1)-th
and 2m-th layers are coupled via Zl,2m−1Zl,2m on the link
l aligned with the y axis. The corresponding Hamiltonian
is given by
H0 =
∑
m
[
−hXX
∑
l‖x
Xl,2mXl,2m+1
− hZZ
∑
l‖y
Zl,2m−1Zl,2m
]
, (17)
5FIG. 3. (a) Coupled-layer model from the 2d toric codes.
The red (blue) bonds represent hXX (hZZ) couplings between
adjacent layers. The red (blue) plaquette represents the in-
teraction Jp (Jv) of the toric code. Since the couplings take
a staggered structure, we denote by d an enlarged unit dis-
tance along the z axis. (b) The effective Hamiltonian (24) in
the strong-coupling limit is defined on a bcc lattice whose A
(B) sublattice consists of effective qubits on the hXX (hZZ)
bonds. (c) Local terms are composed of four Z˜ operators act-
ing on the corners of a yz face of a cube and two X˜ operators
acting on the ends of x bonds normals to the face.
which is schematically shown in Fig. 3 (a). The full
Hamiltonian for the coupled toric codes is then given by
HCTC = H0 +H1. (18)
The ground state obviously has the topological order of
decoupled 2d toric codes for hXX = hZZ = 0, which
is characterized by quasiparticles of the Z2 topological
order deconfined only within each layer and the ground-
state degeneracy 4Lz on a three-torus with Lz layers. The
model is no longer exactly solvable for a general choice
of the parameters. However, an effective Hamiltonian
obtained in the strong-coupling limit hXX , hZZ → ∞ is
exactly solvable as we will see below.
B. Strong-coupling limit: Anisotropic fracton
model
In the spirit of Sec. II C, we here derive an effective
Hamiltonian in the strong-coupling limit hXX , hZZ →
∞. In the limit hXX → ∞, two qubits on the link l
parallel to the x axis form either of the two states between
the 2m-th and (2m+ 1)-th layers,∣∣+˜〉
l,2m+1/2
≡ |+〉l,2m |+〉l,2m+1 ,∣∣−˜〉
l,2m+1/2
≡ |−〉l,2m |−〉l,2m+1 ,
(19)
in the basis where Xl,n is diagonalized: Xl,n |±〉l,n =
± |±〉l,n. In the limit hZZ →∞, two qubits on the link l
parallel to the y axis from either of the two states between
the (2m− 1)-th and 2m-th layers,∣∣+˜〉
l,2m−1/2 ≡ |+〉l,2m−1 |+〉l,2m , (20)∣∣−˜〉
l,2m−1/2 ≡ |−〉l,2m−1 |−〉l,2m , (21)
in the basis where Zl,n is diagonalized: Zl,n |±〉l,n =
± |±〉l,n. We now treat the toric-code Hamiltonian H1
in Eq. (16) as a perturbation and perform degenerate
perturbation theory to obtain an effective Hamiltonian
acting on the Hilbert space of effective qubits
∣∣±˜〉. By
squashing the XX and ZZ bonds between layers to
points, these effective qubits can be viewed to live on
a bcc lattice as shown in Fig. 3 (b); let us denote by the
A sublattice a cubic lattice composed of effective qubits
on the (2m + 1/2)-th layers, which used to be defined
on the XX bonds of the coupled toric codes, whereas by
the B sublattice another cubic lattice composed of effec-
tive qubits on the (2m−1/2)-th layers, which used to be
defined on the ZZ bonds. We then introduce the Pauli
operators X˜
A(B)
s and Z˜
A(B)
s acting on the effective qubit
at the site s on the A (B) sublattice of the bcc lattice.
After the projection onto the Hilbert space of effective
qubits, the original Pauli operators Xl,n and Zl,n can be
represented as
Xl,2m = Xl,2m+1 = Z˜
A
s ,
Zl,2mZl,2m+1 = X˜
A
s
(22)
for l ‖ x, while
Xl,2m−1Xl,2m = X˜Bs ,
Zl,2m−1 = Zl,2m = Z˜Bs
(23)
for l ‖ y.
Up to the second order in H1, we find the effective
Hamiltonian acting on effective qubits,
HeffCTC = −
J2p
4hZZ
∑
f∈A
f‖yz
A˜f − J
2
v
4hXX
∑
f∈B
f‖yz
B˜f , (24)
where f denotes a face of a cube that belongs to either
A or B sublattice and is parallel to the yz plane, and A˜f
and B˜f are local operators defined by
A˜f =
∏
s∈f
Z˜As
∏
s′⊥f
X˜Bs′ ,
B˜f =
∏
s∈f
Z˜Bs
∏
s′⊥f
X˜As′ .
(25)
As seen from Fig. 3 (c), the operator A˜f is a product
of four Z˜ operators on the A sublattice at the corners
of the face f and two X˜ operators on the B sublattice
at the ends of a bond normal to the face f , and simi-
larly for B˜f by interchanging the A and B sublattices.
6The same Hamiltonian as Eq. (24) has been previously
introduced in Ref. [40] for an anisotropic fracton model.
While basic properties of the Hamiltonian have already
been discussed in the same reference, we below review
those properties in detail for completeness.
1. Ground-state degeneracy
As any two operators from A˜f and B˜f commute, the
effective Hamiltonian (24) is exactly solvable. Since A˜2f =
B˜2f = 1, the ground state is given by a simultaneous
eigenstate of A˜f and B˜f whose eigenvalues are all +1.
Similarly to the toric code, there can be constraints that
make certain products of the operators A˜f and B˜f to be
the identity, leaving the ground-state degeneracy. Let us
consider the system put on a three-torus with the linear
sizes Lx×Ly ×Lz such that there are 2LxLyLz effective
qubits. We may first multiply A˜f along the x axis to
cancel the X˜B operators. Residual Z˜A operators form
a “tube” along the x axis and can be multiplied along
either y or z axis to be the identity. We thus find the
following constraints,∏
f‖xy
A˜f =
∏
f‖xz
A˜f = 1, (26)
meaning that A˜f ’s multiplied over the xy or xz plane
become the identity. Similarly, we also have∏
f‖xy
B˜f =
∏
f‖xz
B˜f = 1. (27)
There are in total 2(Ly+Lz−1) independent conditions,
which result in the subextensive ground-state degeneracy
GSD = 22(Ly+Lz−1). (28)
The subextensive degeneracy is a signal of fracton
topological order. However, we have to make sure that
this degeneracy cannot be split by local perturbations.
In order to see this, we here show that logical oper-
ators spanning the ground-state manifold have nonlo-
cal supports that grow with increasing the systems size.
This implies that splitting of degenerate ground states
by local perturbations vanishes in the thermodynamic
limit. There are line-like logical operators composed of
the Pauli Z˜ operators on the A sublattice along the x
axis,
L˜A(y,z) =
Lx−1∏
x=0
Z˜A(x,y,z), (29)
where s = (x, y, z) denotes the coordinates on the cubic
lattice. These operators commute with all terms in the
Hamiltonian (24). If a product of the operators L˜A(y,z)
forms a quadrangular prism whose base is a rectangle on
FIG. 4. (a) Line-like operators L˜A(y,z) on a torus of the linear
sizes Lx × 4× 4. (b) Membrane-like operators M˜A(y,z).
the yz plane, it can be written in terms of a product of
A˜f and trivially acts on the ground state. Thus, there
are only Ly−Lz−1 independent line-like operators non-
trivially acting on the ground state. For our convenience,
we make the following choice for the coordinates (y, z) of
such line-like operators,
{(y, z)} = {(0, 0)} ∪ {(y, 0)|y = 1, · · · , Ly − 1}
∪ {(0, z)|z = 1, · · · , Lz − 1} (30)
as shown in Fig. 4 (a). In addition, there are also
“membrane-like” logical operators composed of the Pauli
X˜ operators on the A sublattice in a yz plane,
M˜A(y,0) =
Lz−1∏
z=0
X˜A(x,y,z), y = 1, · · · , Ly − 1
M˜A(0,z) =
Ly−1∏
y=0
X˜A(x,y,z), z = 1, · · · , Lz − 1
M˜A(0,0) = X˜
A
(x,0,0)
Ly−1∏
y=1
Lz−1∏
z=1
X˜A(x,y,z),
(31)
as shown in Fig. 4 (b). Here, the choice of x is arbi-
trary since M˜A(y,z) can be shifted along the x axis by
multiplying operators B˜f . Again, they commute with
all terms in the Hamiltonian and nontrvially act on the
7ground state. Upon our choice, the line-like operators
L˜A(y,z) and membrane-like operators M˜
A
(y,z) anticommute
for the same (y, z) but commute for different (y, z)’s:
L˜A(y,z)M˜
A
(y′,z′) = (−1)δyy′δzz′ M˜A(y′,z′)L˜A(y,z). (32)
We can similarly construct the line-like and membrane-
like operators on the B sublattice for which a similar
algebra holds. These 2(Ly − Lz − 1) sets of logical op-
erators span the 22(Ly−Lz−1)-dimensional Hilbert space
of the degenerate ground-state manifold. Importantly,
these logical operators cannot be multiplied to form any
local operators. This implies that a matrix element be-
tween degenerate ground states is generated by local per-
turbations at least at the order of Lx, Ly, or Lz and is
expected to vanish in the thermodynamic limit. This
ensures a topological stability of the subextensive degen-
eracy and thereby a fracton topological order.
2. Fracton excitations
The subextensive ground-state degeneracy computed
above is a consequence of deconfined excitations re-
stricted in lower-dimensional subspaces of the 3d space.
Since the local terms in the Hamiltonian, A˜f and B˜f ,
have eigenvalues +1 in the ground state, excited states
are obtained by flipping some of the eigenvalues by acting
a local operator on the ground state. As the operators
A˜f (B˜f ) are centered at faces of cubes that belong to the
A (B) sublattice and are parallel to the yz plane, we may
regard that excitations are created on these faces. De-
pending on the mobility of excitations, which we will see
below, they are called “lineons” or “planons” in Ref. [40].
Acting a Pauli Z˜Bs operator on the ground state, it
creates excitations on two faces of the A sublattice sand-
wiching the site s. By successively applying Pauli Z˜Bs
operators, a single excitation can be transferred on a
straight line along the x axis. From its one-dimensional
nature, every single excitation is called a lineon. On the
other hand, when two pairs of lineon excitations are cre-
ated within a xz plane, a dipole of excitations separated
along the z axis can be transferred along the y axis by
successively applying Pauli X˜A operators to form a rect-
angular membrane in the yz plane; such a membrane
operator by itself creates four excitations at the corners
of the rectangle. Hence, the dipole freely moves within
the xy plane. Similarly, a dipole of excitations separated
along the y axis can move in the xz plane. Thus, dipoles
of excitations have a 2d nature and are called planons. A
way of creating such excitations is illustrated in Fig. 5.
Similarly, we can create lineon and planon excitations liv-
ing on faces of the B sublattice by applying Pauli Z˜A and
X˜B operators. In fact, a finite segment of the line-like
operator L˜ creates a pair of lineon excitations along the
x axis, while a portion of the membrane-like operator
M˜ creates a pair of dipole excitations in the yz plane.
FIG. 5. Excitations created in the anisotropic fracton model.
They are marked by the black crosses on faces where the
eigenvalues of A˜f are flipped. A single excitation moves along
the x axis as a lineon by acting Z˜B operators, whereas a dipole
of excitations separated along the z axis moves within the xy
plane as a planon by acting Z˜B and X˜A operators.
When excitations are annihilated in pairs by wrapping
the torus, the corresponding nonlocal operators map the
ground-state manifold to itself and define logical oper-
ators L˜’s or M˜ ’s. As the excitations behave in quite
different ways between the three spatial directions, the
model (24) is dubbed as the anisotropic fracton model.
C. Anyon condensation picture
We can interpret the spatially anisotropic mobility of
fracton excitations beyond the strong-coupling limit in
the view of anyon condensation in the coupled toric-code
model (18). Taking a slice of the model in the xy plane,
as shown in Fig. 6 (a), let us consider the mobility of
an e excitation created on a vertex by acting the Pauli
X operator. Along the x axis, the XX couplings induce
the ee condensation between adjacent layers for a certain
strength of hXX . As e has the trivial mutual statistics
with ee, a single e excitation can go through the ee con-
densate, as shown in the left panel of Fig. 6 (b); this may
be viewed as the origin of lineon excitations on the B sub-
lattice. On the other hand, the ZZ couplings run along
the y axis and induce the mm condensation between ad-
jacent layers for a certain hZZ . Since e has the nontrivial
mutual statistics of pi with mm, e excitations must form
a bound pair between the adjacent layers to move in the
mm condensate, as shown in the right panel of Fig. 6 (b);
this explains the dipole nature of excitations along the y
axis on the B sublattice. When these dipoles of e exci-
tations are created successively over several layers, the
excitations in internal layers become invisible due to the
formation of ee condensate and only e excitations on the
top and bottom layers are left; this establishes the dipole
nature of excitations along the z axis, and together with
the above arguments we find planon excitations in the
xy or xz plane. The same phenomenology also applies to
8FIG. 6. (a) Slice of the stacked toric-code model within the
xy plane. The red (blue) circles represent the XX (ZZ) cou-
plings between layers, which induce the ee (mm) condensa-
tion. Focusing on an e excitation created on a vertex, we can
consider its motion in a plane labeled by P (Q) parallel to the
xz (yz) plane. (b) Condensed and deconfined quasiparticles
within the P and Q planes.
m excitations, which see the mm condensate along the x
axis while the ee condensate along the y axis, leading to
lineon and planon excitations on the A sublattice.
IV. GENERALIZATION
We here generalize the construction of the anisotropic
fracton model to coupled layers of other 2d lattice mod-
els: the Kitaev honeycomb model, the ZN toric codes,
and the toric code and the doubled semion model on the
honeycomb lattice.
A. Kitaev-honeycomb model
Since the anisotropic fracton model (24) is obtained
from stacked layers of the 2d toric codes on the square lat-
tice, it should be possible to realize the same model from
stacked layers of the Kitaev honeycomb model [78], as it
gives the toric code in the easy-axis limits. The idea of
constructing fracton topological order from stacked layers
of the Kitaev honeycomb models has already appeared in
Ref. [21], where stacks in two spatial directions have been
FIG. 7. Coupled-layer model from the Kitaev honeycomb
models. Each layer represents the Kitaev honeycomb model
with the Jx, Jy, and Jz couplings represented by the red, green,
and blue bonds, respectively. The couplings between adjacent
layers (J ′zz) are represented by the cyan bonds. The symbols
A and B indicate links belonging to two different sublattices.
used to obtain the X-cube model. Our construction is rel-
atively simple as it only requires a stack in one direction.
Let us consider the following Hamiltonian,
HCKH =
∑
n
HKH,n
− J ′zz
∑
m
[ ∑
〈ij〉∈z-bond
〈ij〉∈A-link
(σzi,2mσ
z
i,2m+1 + σ
z
j,2mσ
z
j,2m+1)
+
∑
〈ij〉∈z-bond
〈ij〉∈B-link
(σzi,2m−1σ
z
i,2m + σ
z
j,2m−1σ
z
j,2m)
]
,
(33)
where HKH,n is the Kitaev honeycomb model on the n-th
layer,
HKH,n = −
∑
α=x,y,z
Jα
∑
〈ij〉∈α-bond
σαi,nσ
α
j,n, (34)
and σαi,n (α = x, y, z) are the Pauli operators at the site
i of the honeycomb lattice on the layer n. As illustrated
in Fig. 7, the three couplings Jx,y,z are assigned for three
different bonds on each layer of the honeycomb lattice,
and we further assign the A- and B-links to implement
the desired staggered layer structure.
As it is well known, a single layer of the Kitaev
honeycomb model produces the 2d toric code on the
square lattice in the strong-coupling limit of, say, Jz
on the z-bonds. In this limit, we may define effective
spin-1/2’s on z-bonds v ≡ 〈ij〉 by |+〉v,n ≡ |↑〉i,n |↑〉j,n
and |−〉v,n ≡ |↓〉i,n |↓〉j,n where σzi,n |↑〉i,n = |↑〉i,n and
9σzi,n |↓〉i,n = − |↓〉i,n. These effective spins on each layer
now form the square lattice and the spins are defined
on the vertices v of the square lattice. The A- and B-
links in the Hamiltonian (33) then belong to each of two
sublattices of the square lattice. Performing degenerate
perturbation theory in the limit J ′zz →∞, we obtain the
effective Hamiltonian,
HeffCKH = −
J2x J
2
y
16|Jz|3
∑
n
∑
p
Yl(p),nYr(p),nZu(p),nZd(p),n
− J ′zz
∑
m
(∑
v∈A
Zv,2mZv,2m+1 +
∑
v∈B
Zv,2m−1Zv,2m
)
(35)
where we have defined the Pauli operators Xv,n, Yv,n, and
Zv,n acting on the effective spin at the vertex v on the
layer n. The first sum is taken over plaquettes p of the
square lattice on each layer, and l(p), u(p), r(p), and d(p)
indicate four corners surrounding the square plaquette
p in the clockwise [78]. This effective Hamiltonian is
unitarily equivalent to the model defined in Eq. (18) and
one can find that the following unitary transformation
does the job:
(Xv,n, Yv,n, Zv,n)→
{
(−Yv,n, Zv,n,−Xv,n) v ∈ A
(−Yv,n, Xv,n, Zv,n) v ∈ B .
(36)
We remark that since we have only kept the first-order
terms in J ′zz in Eq. (35) the parameters of the original Ki-
taev honeycomb model must be appropriately tuned such
that only the terms remaining in Eq. (35) are dominant.
On the other hand, the couplings between adjacent lay-
ers are not restrictive to the form in Eq. (35) but can be,
e.g., of the Heisenberg type ~σi,n · ~σi,n+1 as far as lowest
order perturbations are considered.
One can also directly work on the strong-coupling limit
Jz = J
′
zz → ∞ and derive the anisotropic fracton model
(24) acting on effective qubits
∣∣+˜〉 = |↑↑↑↑〉, ∣∣−˜〉 = |↓↓↓↓〉
formed by four spins connected by the Jz and J
′
zz bonds
in lowest-order perturbation theory. Although the Kitaev
honeycomb model can be exactly solved by introducing
the Majorana representation of spins [78], the additional
couplings between layers make the model not solvable
and may require some mean-filed treatment to fully ex-
plore the phase diagram.
B. ZN toric code
It is straightforward to generalize the construction in
Sec. III to coupled layers of the 2d ZN toric code [66].
Let us define the generalized Pauli operators X and Z
satisfying XZ = ωZX with ω = e2pii/N , which act on
the local Hilbert space of a qudit |q〉 (q = 0, · · · , N − 1)
as Z |q〉 = ωq |q〉 and X |q〉 = |q + 1 mod N〉. We then
consider stacked layers of the ZN toric code on the square
FIG. 8. (a) Coupled-layer model from the 2d ZN toric code.
Here, X and Z are the ZN generalization of the Pauli oper-
ators. (b) Local terms in the ZN anisotropic fracton model.
They are defined on faces of cubes parallel to the yz plane on
the bcc lattice as shown in Fig. 3 (b).
lattice where qudits are defined on each link and intro-
duce couplings between layers to implement anyon con-
densation. In analogy with Eq. (18), the corresponding
Hamiltonian is given by
HCZN =
∑
n
HZN ,n
−
∑
m
[
hXX
∑
l‖x
(Xl,2mX
†
l,2m+1 +X
†
l,2mXl,2m+1)
+ hZZ
∑
l‖y
(Zl,2m−1Z
†
l,2m + Z
†
l,2m−1Zl,2m)
]
, (37)
where HZN ,n is the ZN toric code Hamiltonian on the
n-th layer,
HZN ,n = −Jp
∑
p
(Ap,n +A
†
p,n)− Jv
∑
v
(Bv,n +B
†
v,n).
(38)
The local terms Ap,n and Bv,n are defined by
Ap,n =
∏
l∈p
Xl,n,
Bv,n =
∏
l∈v
l‖x
Zl,n
∏
l∈v
l‖y
Z†l,n.
(39)
The Hamiltonian is schematically shown in Fig. 8 (a).
When hXX = hZZ = 0, the Hamiltonian is just decou-
pled layers of the ZN toric code, which is exactly solvable.
As the Hamiltonian consists of local commuting terms
and ANp,n = B
N
v,n = 1, the ground state is given by a
simultaneous eigenstate of Ap,n and Bv,n with the eigen-
values +1. By acting an X operator on the ground state,
it creates a pair of e and eN−1 excitations on neighboring
vertices, and similarly Z creates a pair of m and mN−1 on
neighboring plaquettes. Each layer hosts quasiparticles
of the ZN topological order given by {1, e, · · · , eN−1} and
{1,m, · · · ,mN−1} and their bound objects. Here, e and
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m are bosons but have the nontrivial mutual statistics of
2pi/N ; the quasiparticle eq or mq (q = 2, · · · , N − 1) are
obtained by fusing q e’s or m’s, respectively, while fusing
N e’s or m’s leads to the vacuum 1.
A finite coupling hXX will induce the condensation
of e-eN−1 pairs between adjacent layers, while hZZ will
induce the condensation of m-mN−1 pairs. A single e
excitation created on a vertex of a layer can propagate
through the e-eN−1 condensate along the x axis, and
similarly a single m created on a plaquette propagate
through the m-mN−1 condensate along the x axis; they
behave as lineon excitations. On the other hand, the e ex-
citation sees the m-mN−1 condensate in the y direction,
and it must form an e-e pair with the neighboring layer
to move along the y axis. Similarly, only an m-m pair can
move along the y axis. Thus, dipoles of e’s or m’s sepa-
rated along the z axis behave as planon excitations in the
xy plane. Finally, when e-e pairs and eN−1-eN−1 pairs
are alternatively created over several layers, the internal
e-eN−1 pairs become invisible in the e-eN−1 condensate
and only dipoles of e and eN−1 separated along the y axis
are left at the top and bottom layers. This dipole nature
similarly applies to m excitations. Such dipoles behave
as planons in the xz plane.
This phenomenology from anyon condensation can be
explicitly seen in the effective Hamiltonian obtained in
the strong-coupling limit hXX , hZZ → ∞. In this limit,
two qudits on a link parallel to the x axis are in one of
the following N states labeled by q = 0, · · · , N − 1,
|q˜〉l,2m+1/2 ≡ |q〉l,2m |q〉l,2m+1 , (40)
in the basis satisfying Xl,n |q〉l,n = ωq |q〉l,n, while for
those on a link parallel to the y axis we have
|q˜〉l,2m−1/2 ≡ |q〉l,2m−1 |q〉l,2m (41)
in the basis satisfying Zl,n |q〉l,n = ωq |q〉l,n. As in
Sec. III B, the effective qudits |q˜〉 live on the bcc lat-
tice. We can then perform degenerate perturbation the-
ory and obtain an effective Hamiltonian acting on the
Hilbert space of the effective qudits,
HeffCZN = −
J2p
8hZZ sin
2(pi/N)
∑
f∈A
f‖yz
(A˜f + A˜
†
f )
− J
2
v
8hXX sin
2(pi/N)
∑
f∈B
f‖yz
(B˜f + B˜
†
f ), (42)
where the local terms A˜f and B˜f are defined by
A˜f =
∏
s∈f
Z˜As
∏
s′⊥f
X˜Bs′ ,
B˜f =
∏
s∈f
Z˜B†s
∏
s′⊥f
X˜As′ ,
(43)
as shown in Fig. 8 (b). Here, we have defined generalized
Pauli operators, X˜
A(B)
s and Z˜
A(B)
s , acting on an effective
qudit at the site s on the A (B) sublattice of the bcc
lattice: Z˜ |q˜〉 = ωq |q˜〉 and X˜ |q˜〉 = |q˜ + 1 mod N〉. The
Hamiltonian (42) has also been introduced in Ref. [40]
and is again exactly solvable. The ground state admits
lineon and planon excitations as discussed above from the
view of anyon condensation, resulting in the ground-state
degeneracy N2(Ly+Lz−1) on a torus.
C. Toric code on the honeycomb lattice
We can generalize the coupled-layer construction of the
anisotropic fracton model in Sec. III to the 2d toric codes
defined on trivalent graphs. Here, let us specifically focus
on the honeycomb lattice. The coupled-layer model is
defined by the Hamiltonian,
HCTCh =
∑
n
HTCh,n −
∑
m
(
hXX
∑
l‖a1
Xl,2mXl,2m+1
+ hXX
∑
l‖a2
Xl,2mXl,2m+1
+ hZZ
∑
l‖a3
Zl,2m−1Zl,2m
)
, (44)
where HTCh,n is the toric code Hamiltonian on the n-th
layer,
HTCh,n = −Jp
∑
p
∏
l∈p
Xl,n − Jv
∑
v
∏
l∈v
Zl,n. (45)
Here, the Pauli operators Xl,n and Zl,n act on a qubit
placed on the link l of the honeycomb lattice on the n-
th layer. Since there are three inequivalent links under
120◦ rotation, we specify them by the vectors a1,2,3 as
defined in Fig. 9 (a). The local terms in Eq. (45) act
on plaquettes with six links or vertices with three links
as also shown in Fig. 9 (a). Similarly to the case for
the square lattice, we implement a staggered structure
of coupling between layers; links parallel to a1 or a2 are
coupled via XX between the 2m-th and (2m+ 1)-th lay-
ers, while those parallel to a3 are coupled via ZZ between
the (2m−1)-th and 2m-th layers, as shown in Fig. 9 (b).
We then perform degenerate perturbation theory in the
strong-coupling limit hXX , hZZ →∞ and obtain the ef-
fective Hamiltonian for effective qubits on the vertical
bonds,
HeffCTCh = −
J2p
4hZZ
∑
c
A˜c − J
2
v
4hXX
∑
f
(
B˜1,f + B˜2,f
)
.
(46)
We here regard that the effective qubits on links parallel
to a1 or a2 form a cubic lattice as shown in Fig. 9 (c).
The effective qubits on links parallel to a3 live on the
center of cubes to form a checkerboard pattern in the xy
plane. The first sum in Eq. (46) is taken over cubes c
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FIG. 9. (a) Local terms in the toric code Hamiltonian on
the honeycomb lattice. We also define the vectors a1,2,3 to
specify three different links in the xy plane. (b) Coupled-layer
model from the 2d toric codes on the honeycomb lattice. The
red (blue) bonds represent the hXX (hZZ) couplings between
a1,2 (a3) links on adjacent layers. (c) Effective Hamiltonian
obtained in the strong-coupling limit. There are three types
of local terms A˜c, B˜1,f , and B˜2,f acting on effective qubits.
that do not contain the qubits on the a3 links, whereas
the second sum is taken over faces f that are parallel to
the xy plane and belong to cubes containing the qubits
on the a3 links. The local operators A˜c, B˜1,f , and B˜2,f
are written in terms of products of Pauli operators X˜ and
Z˜ acting on the effective qubits, whose specific forms are
pictorially shown in Fig. 9 (c).
The Hamitonian (46) is a commuting projector Hamil-
tonian and thus is exactly solvable. As we demonstrate
below, it is a variant of the anisotropic fracton model con-
sidered above. We define the unit cell to contain three
qubits from the a1,2,3 links and consider the Lx×Ly×Lz
torus with 3LxLyLz effective qubits. As similarly seen in
Sec. III B 1, the 3LxLyLz local operators in the Hamilto-
nian do not fully span the Hilbert space and turn out to
leave the ground-state degeneracy,
GSD = 22(Ly+Lz−1), (47)
since the operators A˜c are multiplied over the xy or xz
plane to be identity and similarly for B˜1,f and B˜2,f . This
subextensive degeneracy is again a consequence of frac-
ton excitations. Successively acting Pauli Z˜ operators on
a3 links on a straight line along the x axis, they flip the
eigenvalues of A˜c on the line and create lineon excita-
tions. However, their dipoles separated along the z axis
can move on the xy plane by acting Pauli X˜ operators on
a1,2 links and thus become planon excitations, as illus-
trated in Fig. 10 (a). On the other hand, dipoles created
within the xy plane become planon excitations moving
on the xz plane [Fig. 10 (b)]. Acting Pauli X˜ operators
on a1,2 links along the x axis, they flip the eigenvalues of
B˜1,f and B˜2,f and create another type of lineon excita-
FIG. 10. Fracton excitations in the coupled toric-code model
on the honeycomb lattice. (a)-(b) Lineon excitations created
by flipping the eigenvalues of A˜c are marked by the red cubes.
Their dipole separated along the z axis behave as a planon in
the xy plane (a), while those separated within the xy plane
behave as a planon in the xz plane (b). (c)-(d) Lineon excita-
tions created by flipping the eigenvalues of B˜1,f and B˜2,f are
marked by the magenta bonds. Their dipole similarly behave
as a planon in the xy plane (c) or in the xz plane (d).
tions. With the action of Pauli X˜ operators on a3 links,
their dipoles behave as planon excitations in the xy plane
when they are separated along the z axis [Fig. 10 (c)] or
in the xz plane when they are separated along the y axis
[Fig. 10 (d)]. These anisotropic behaviors of quasiparti-
cle excitations can also be understood from the view of
anyon condensation as discussed in Sec. III C by taking
account of the lattice and coupling structure accordingly.
We note that we could also obtain another anisotropic
fracton model by interchanging the XX and ZZ cou-
plings in Eq. (44) and by taking the strong-coupling limit,
although this makes just a 90◦ rotation for the coupled-
layer model defined on the square lattice in Sec. III.
The resulting model appears to have quasiparticle ex-
citations with different mobilities from those discussed
above. However, since the Hamiltonian becomes more
complicated as degenerate perturbation theory at the sec-
ond order generates more local terms, we do not proceed
to detailed analysis in this work.
D. Doubled semion model
As we have constructed an anisotropic fracton model
from coupled layers of the toric code on the honeycomb
lattice, there might be generalizations to the string-net
models [79], which provide exactly solvable Hamiltoni-
ans for various 2d topological orders on trivalent graphs
including the honeycomb lattice. One of the simplest
model among them is the doubled semion model, which
has been used for the coupled-layer construction of the
semionic X-cube model [15]. We thus consider coupled
layers of the doubled semion model on the honeycomb
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FIG. 11. (a) Local terms in the doubled semion model. The
plaquette term is modified from the toric code in such a way
that it involves the operators S = diag(1, i) on six links com-
ing into the plaquette and the projection operators Pv on six
verices. (b) Local terms in the effective Hamiltonian obtained
from the coupled-layer model. The cube term A˜c is now mod-
ified from that in Fig. 9 (c) to involve the Pauli Z˜ operators
at the ends of a bond parallel to the y axis.
lattice,
HCDS =
∑
n
HDS,n −
∑
m
[
hXX
∑
l‖a1
Xl,2mXl,2m+1
+ hXX
∑
l‖a2
Xl,2mXl,2m+1 + hZZ
∑
l‖a3
Zl,2m−1Zl,2m
]
.
(48)
Here, HDS,n is the Hamiltonian for the doubled semion
model on the n-th layer,
HDS,n = −Jp
∑
p
∏
l∈p
Xl,n
∏
l⊥p
Sl,n
∏
v∈p
Pv,n
− Jv
∑
v
∏
l∈v
Zl,n, (49)
where the first term consists of the Pauli X operators
acting on six links of the plaquette p, the operators S =
diag(1, i) acting on six links coming into the plaquette,
and the projection operators Pv,n acting on six vertices v
of the plaquette to enforce the constraints on each vertex∏
l∈v Zl,n = 1 [see Fig. 11 (a)]. We have implemented
the same structure of coupling between layers as in the
case for the toric code.
Similarly to the toric code, a Pauli Z operator flips
the eigenvalues of plaquette terms and thus create excita-
tions on the plaquettes. These excitations can be seen as
bosonic quasiparticles (b) in the doubled semion topologi-
cal order [79]. Therefore, the ZZ coupling in Eq. (48) will
induce the condensation of bb between adjacent layers.
On the other hand, a Pauli X operator does not solely flip
the eigenvalues of vertex terms for the doubled semion
model. In fact, the corresponding string operator must be
appropriately modified to selectively excite semion (s) or
anti-semion (s¯) excitations [79], and the action of a single
X operator rather yields a superposition of excited states
with s or s¯. Thus, we cannot draw a clear picture from
the anyon condensation induced by the XX coupling to
discuss the motion of quasiparticles in this case. Never-
theless, we can write down the effective Hamiltonian in
the strong-coupling limit hXX , hZZ → ∞, which takes
the same form as Eq. (46) at the second-order with mod-
ified cube terms A˜c as illustrated in Fig. 11 (b). It still
keeps a commuting-projector form and is exactly solv-
able. The ground-state degeneracy on the torus is also
not changed from 22(Ly+Lz−1). Although the action of
a single X˜ operator is changed as it creates excitations
in A˜c as well as B˜1,f and B˜2,f , causing a slightly com-
plicated behavior for dipole excitations, the model pos-
sesses quasiparticle excitations in the forms of lineons and
planons essentially similar to those discussed in Sec. IV C.
Hence, what we have obtained from the doubled semion
model is still a variant of the anisotropic fracton model.
V. CONCLUSION AND DISCUSSION
In this work, we have proposed a coupled-layer con-
struction of anisotropic fracton models from layers of 2d
topological orders stacked in one spatial direction. Quasi-
particle excitations in fracton phases have been studied
by analyzing the effective Hamiltonians in the strong-
coupling limit or by considering the pair condensation
of quasiparticles of the original 2d topological orders
between adjacent layers. The fracton excitations show
the spatially anisotropic mobility of lineons moving only
along a straight line or planons moving only within a
2d plane, depending on how the original quasiparticles
on each layer see the anyon condensates induced by the
coupling between layers.
There are several questions naturally raised: (i) Al-
though we did not address the nature of transitions from
decoupled 2d topological orders to anisotropic fracton
models, the duality mapping [21, 24] suggests that the
transition for the Z2 case is described by a stack of trans-
verse Ising chains. Once those chains are coupled, the
transition is expected to be first order or accompanied
with an intermediate phase [21]. Since the models are
simpler than those obtained from the previous layer con-
structions [15, 21, 24, 25, 56, 60], direct numerical simu-
lations may be more capable of determining the nature of
the phase transitions. (ii) As a model has been obtained
from a single stack of layers of the Kitaev honeycomb
models in Sec. IV A, it is interesting to seek possibilities
to realize fracton orders in spin-orbit-coupled materials in
the proximity to a 2d spin liquid but with non-negligible
3d couplings [80, 81]. (iii) There may be a generaliza-
tion of the present layer construction for twisted cousins
of the anisotropic fracton models as proposed for the X-
cube model and others [44, 53, 60].
The construction using 2d topologically ordered phases
stacked only in one direction bears a resemblance with
the layer construction proposed for conventional 3d topo-
logical orders or surface topological orders of 3d topo-
logical phases [82]. The simplest example of the latter
construction requires the successive condensation of ee
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pairs between adjacent layers and is expected to give the
3d Z2 topological order with bosonic point-like quasipar-
ticles of e and loop-like quasiparticles made of strings
of m’s. Such pair condensations could be naively im-
plemented in a lattice model by coupling many layers
of the 2d toric codes via XX terms between neighbor-
ing layers as similarly done in Sec. II C. However, de-
confined quasiparticles made of m’s appear to take only
the form of straight strings threading all layers but not
closed loops, as already raised as a subtlety in the orig-
inal work. On the other hand, the author, in a collabo-
ration with Furusaki, has recently achieved a successful
implementation of this phenomenology in coupled lay-
ers further made of coupled quantum wires [83] (see also
Ref. [84]). Analogous coupled-wire constructions may be
possible for fracton topological orders and might be gen-
eralized to stacked layers of 2d topological orders that do
not admit the lattice realization in commuting projector
Hamiltonians, such as chiral topological orders. It is left
for a future work.
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